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We use numerial transfer-matrix methods to investigate properties of the multiritial point of
binary Ising spin glasses on a square lattie, whose loation we assume to be given exatly by a
onjeture advaned by Nishimori and Nemoto. We alulate the two largest Lyapunov exponents,
as well as linear and non-linear zero-eld uniform suseptibilities, on strip of widths 4 ≤ L ≤ 16
sites, from whih we estimate the onformal anomaly c, the deay-of-orrelations exponent η, and
the linear and non-linear suseptibility exponents γ/ν and γnl/ν, with the help of nite-size saling
and onformal invariane onepts. Our results are: c = 0.46(1); 0.187 . η . 0.196; γ/ν =
1.797(5); γnl/ν = 5.59(2). A diret evaluation of orrelation funtions on the strip geometry, and
of the statistis of the zeroth moment of the assoiated probability distribution, gives η = 0.194(1),
onsistent with the alulation via Lyapunov exponents. Overall, these values tend to be inonsistent
with the universality lass of perolation, though by small amounts. The saling relation γnl/ν =
2 γ/ν + d (with spae dimensionality d = 2) is obeyed to rather good auray, thus showing no
evidene of multisaling behavior of the suseptibilities.
PACS numbers: 75.50.Lk,05.50.+q
I. INTRODUCTION
The ritial behavior of Ising spin glasses has been the
subjet of intensive investigation in the reent past
1
. A
number of results have been derived, both analytially
and numerially; however, many aspets of interest have
not been fully eluidated so far. Among these are the
properties of the multiritial point whih is known to
exist for suitably low onentrations of antiferromagneti
interations, even for two-dimensional latties in whih
a spin glass phase is not expeted to our at non-zero
temperatures.
Here we onsider binary (±J) spin glasses, i.e., we
assume that Ising spin-1/2 magneti moments interat
via nearest-neighbor ouplings Jij of equal strength, and
whose signs are given by the quenhed probability distri-
bution:
P (Jij) = p δ(Jij − J0) + (1− p) δ(Jij + J0) . (1)
In this ase, the phase diagram on the temperature-
onentration (T −p) plane exhibits a ritial line whih,
for low onentrations 1 − p of antiferromagneti bonds,
separates ferro- and paramagneti phases
1,2
. As p de-
reases, so does the transition temperature. Below a
ritial onentration pc, ferromagneti order disappears,
and a spin glass phase emerges at T = 0. For spae di-
mensionality d ≥ 3, the spin glass phase extends to nite
temperatures as well. The Nishimori line (NL) is a spe-
ial line on the T − p plane, dened by:
e−2J0/T =
1− p
p
(NL, p >
1
2
) . (2)
On this line, several exat results have been obtained
1
. In
partiular, the ongurationally averaged internal energy
is an analytial funtion of T , even at the multiritial
point (the Nishimori point, NP) where the NL rosses the
ferro-paramagneti phase boundary
3
. Furthermore, the
NL is invariant under renormalization-group transforma-
tions, so the NP orresponds to a xed point. Numerial
work in two-dimensional systems
4
shows that internal-
energy utuations along the NL go through a maxi-
mum at the NP, thus indiating that the latter indeed
marks a hange in the behavior of the distribution of
frustrated plaquettes. This, in turn, is onsistent with
the piture that the phase transition at the NP is of
geometry-indued nature
4
(though not neessarily in the
same universality lass of random perolation).
Reently it was predited
5,6
that, on a square lattie,
the NP should belong to a subspae of the T − p plane
whih is invariant under ertain duality transformations.
For±J Ising systems the invariant subspae is given by5,6
p log2(1 + e
−2J0/T ) + (1− p) log2(1 + e2J0/T ) =
1
2
. (3)
The intersetion of Eqs. (2) and (3) gives the onje-
tured exat loation of the NP, namely p = 0.889972 · · · ,
T/J0 = 0.956729 · · · , to be referred to as CNP. In pre-
vious work
2,7,8
, approximate estimates for the loation
of the NP were used in the alulation of the assoiated
ritial exponents, with the overall onlusion that the
transition there does not belong to the universality lass
of random perolation. A numerial study of orrelation-
funtion statistis at the CNP
9
points to a similar pi-
ture.
2Extensions of the onjeture to triangular and honey-
omb latties have been proposed
10,11
, and veried by nu-
merial studies to a fairly good degree of auray
12
. Ev-
idene thus far available indiates that the ritial prop-
erties of the NP in two-dimensional ±J Ising systems
are universal in the expeted (i.e., lattie-independent)
sense
12
, though they belong to a distint universality
lass from that of perolation.
Here we use numerial transfer-matrix methods, to-
gether with nite-size saling and onformal invariane
onepts, to investigate ritial properties of the NP of
±J Ising spin glasses, on long strips of a square lattie.
We shall assume the loation of the multiritial point to
be that of the CNP given above. Indeed, previous work
(see Ref. 9 and referenes therein) strongly indiates that,
even though the onjeture may turn out not to be exat,
it is ertainly a very good approximation to the atual
position of the NP.
In Setion II we evaluate the entral harge, or on-
formal anomaly
13
. As this is given by the oeient of
the nite-size orretion to a bulk quantity (the riti-
al free energy) whih is itself not known exatly for
the present ase, one has many soures of unertainty
to ontend with, not to mention those intrinsi to the
sampling of quenhed disorder ongurations. By work-
ing at the CNP, we attempt to eliminate one suh soure
whih is the loation of the ritial point. In the absene
of further exat results, whether or not suh hoie in
fat introdues systemati distortions an only be found
by omparative analysis of numerial data pertaining
to the problem. In Setion III we alulate the deay-
of-orrelations exponent related to the zeroth moment
of the orrelation-funtion probability distribution, both
via the dierene between the two largest Lyapunov ex-
ponents, and by diret evaluation of orrelation fun-
tions as done in earlier work
2,7,9
. This, together with
the use of pertinent onformal-invariane relationships,
yields further independent evidene related to the uni-
versality properties of orrelations at the NP. In Se-
tion IV, both linear and non-linear zero-eld suseptibil-
ities are investigated. While the former have been eval-
uated previously for square
7
, as well as triangular and
honeyomb
12
, latties, no results for the latter appear
to be available. As explained below, the saling of non-
linear suseptibilities may give indiations of multisaling
behavior. Finally in Setion V, onluding remarks are
made.
II. FREE ENERGY AND CENTRAL CHARGE
We onsider strips of width L sites and periodi bound-
ary onditions aross. For onsisteny with earlier work
7
,
we used only even widths, in order to aommodate pos-
sibly ourring unfrustrated antiferromagneti ground
states (though later results showed in pratie that, at
least for the relatively low onentrations of antiferro-
magneti bonds around the NP, no notieable distortions
arise when odd values of L are onsidered as well2,12).
Appropriate sampling of quenhed disorder is produed
by using strip lengths N ≫ 1, along whih bond ong-
urations are drawn from the distribution Eq. (1). The
ongurationally-averaged (negative) free energy fL (in
units of kBT ) is given by
fL = L
−1 Λ0(L) , (4)
where Λ0 is the largest Lyapunov harateristi expo-
nent
14
, extrated from the produt of N → ∞ transfer
matries Tj whih onnet site olumns j and j+1, i.e.,
Λ0 = lim
N→∞
1
N
ln
∥∥∥∥∥∥

 N∏
j=1
Tj

 |v0〉
∥∥∥∥∥∥ , (5)
where |v0〉 is an arbitrary initial vetor of unit modu-
lus. Higher-order exponents may be obtained through
iteration of a set of initial vetors |vi〉, orthogonal both
mutually and to |v0〉, with adequate reorthogonalization
every few steps, to avoid ontamination
14
.
In our alulations we have used N ∼ 105 − 106.
The unertainty related to the nite number of terms
in Eq. (5) is estimated as follows. In order to avoid tran-
sient eets, the rst N0 ∼ 103 iterations are disarded.
Aumulated averages are evaluated and stored, for eah
103 subsequent iterations. From this set of averages, one
then alulates global averages and their orresponding
utuations. In our study, we have always made use of
a anonial distribution of disorder, that is, the +J0 and
−J0 ouplings are randomly extrated from a reservoir
whih initially ontains exatly as many of eah as given
by Eq. (1), with the value of p orresponding, e.g., to
the CNP. This way, sample-to-sample utuations are
onsiderably redued. Final estimates of the free energy
and other quantities of interest have been extrated from
arithmeti averages for distint disorder realizations.
The onformal anomaly, or entral harge c, whih
haraterizes the universality lass of a onformally-
invariant model at the ritial point, an be evaluated
via the nite-size saling of the free energy on a strip
with periodi boundary onditions aross
13
,
f(Tc, L) = f(Tc,∞) + pic
6L2
+O
(
1
L4
)
, (6)
where f(Tc,∞) = limL→∞ f(Tc, L) is a regular term
whih orresponds to the bulk system free energy. For
disordered systems, Eq. (6) is expeted to hold, with the
(ongurationally-averaged) free energy given by Eq. (4),
and c taking the meaning of an eetive onformal
anomaly
15
.
For our estimates of the eetive entral harge, we
set T and p orresponding to the CNP, and took aver-
ages of the free energy f(Tc, L) over three independent
realizations. Figure 1 shows the free energy at the CNP
for 4 ≤ L ≤ 16, against 1/L2. A linear least-squares
t of the data gives c = 0.478(4). This is lose to, but
3FIG. 1: (Color online) Negative free energy at the onjetured
Nishimori point, for strip widths 4 ≤ L ≤ 16 and N = 106,
against 1/L2. The line uses the entral estimates from a
paraboli least-squares t to data, via Eq. (6), whih gives
fL = 1.7228(1) + 0.46(1)pi/6L
2 + 0.15(9)/L4 .
some 3% o, the result given in Ref. 2, c = 0.464(4),
whih presumably was taken at those authors' own esti-
mate of the loation of the NP, p = 0.8906(2). On the
other hand, the above result is ompatible with the value
orresponding to perolation in the Ising model, namely
cp = 5
√
3 ln 2/4pi ≈ 0.477716.
Inorporating urvature via the L−4 orretion, as sug-
gested by Eq. (6), results in the same f(Tc,∞) (to within
0.01%) as in the linear extrapolation. However, the on-
formal anomaly estimate is hanged to c = 0.46(1), whih
enompasses the result quoted in Ref. 2 but appears in-
ompatible with Ising-model perolation. Earlier work in
pure
17
and unfrustrated random-bond
16,18
Ising systems
indiates that, for a square lattie, the L−4 term provides
a important ontribution towards stability and auray
of free-energy extrapolations (note, however, that here
the urvature eet is impereptible to the naked eye,
see Figure 1). Should the same trend hold in the present
ase, c = 0.46(1) would appear to be the most reliable of
the two estimates produed here.
III. THE EXPONENT η
As a onsequene of the preservation of onformal in-
variane at a seond-order phase transition, the orrela-
tion length ξL on a strip geometry with periodi bound-
ary onditions aross (alulated at the ritial point of
the orresponding bulk two-dimensional system) is on-
neted to the deay-of-orrelations exponent η, by the
relationship
19
ξL =
L
pi η
. (7)
For strips of homogeneous spin systems, the inverse of
the dominant orrelation length (related to the slowest-
deaying ritial orrelations) is given by the rst spetral
gap of the transfer matrix
20
. A straightforward adap-
tation for disordered ases an be devised through the
replaement of pure-system eigenvalues by their ounter-
parts in a disordered environment, namely the Lyapunov
harateristi exponents
14,16,20
. One an then alulate
the orrelation length ξL (and thus the exponent η from
Eq. (7)), via
ξ−1L = Λ
(0)
L − Λ(1)L , (8)
where Λ
(0)
L , Λ
(1)
L are, respetively, the largest and seond-
largest Lyapunov exponents.
In the present ase, the dominant orrelations are
ferromagneti, and the Hamiltonian is invariant under
global spin inversion. Therefore, in order to alulate
Λ
(0)
L (Λ
(1)
L ), it is suient to iterate |v0〉 (|v1〉) whih is
even (odd) under that same symmetry
20,21
, with no need
for deontamination of the iterates of |v1〉.
Before going further, one must reall that orrelation
funtions at the NP are multifratal
2,8,9,12,22,23
. In other
words, the rate of deay (against distane R) of the
moments of assorted orders, Gn(R), of the orrelation-
funtion distribution is regulated by a set of exponents
{ηn}, whih are not onneted by a single gap exponent,
as is the ase for pure systems where ηn = n η1. The ex-
ponent estimated via Eqs. (7) and (8) is in fat η0, whih
haraterizes the zerothorder moment of the orrelation-
funtion distribution, i.e. it gives the typial, or most
probable, value of this quantity (see, e.g., Ref. 24 and
referenes therein). One has, in the bulk,
G0(R) ≡ exp [ln〈σ0σR〉]av ∼ R−η0 . (9)
By evaluating estimates of η0 for the range of strip
widths within reah of our omputational failities, we
an, in priniple, extrapolate the sequene L/piξL to
L→∞, this way presumably aounting for higher-order
nite-size orretions to Eq. (7). Earlier results for pure
systems
17
again indiate that L−2 is a onvenient vari-
able against whih to set up an extrapolation sheme.
We an also alulate orrelation funtions diretly on
a strip, as done in Refs. 2,9,12, and examine the behav-
ior of their zeroth-order moment against distane, from
whih the appropriate orrelation length an be extrated
and plugged bak into Eq. (7). Note that negative values
of the orrelation funtion will be present upon sampling;
this is not an unsurmountable obstale for the alulation
of logarithmi averages here, as it is known that the dis-
tribution at the NP is sharply peaked lose to unity
9
.
Consequently, one an deal instead with absolute values,
4FIG. 2: (Color online) Exponent ηL against 1/L
2
. Data are
for L = 6, · · · , 16. The arrow pointing to the vertial axis
indiates the perolation value, ηp = 5/24. The straight line
is a least-squares t of L = 8 − 16 data. Shaded area lose
to the vertial axis indiates rough limits of ondene for
extrapolation of nite-size data. Vertial bar to the left of
vertial axis gives range of η0 from diret evaluation of zeroth
moment of orrelation-funtion distribution (see text). Verti-
al lines at left of graph show ranges of some reent estimates
of η1. Full line, Refs. 2, 9; short dashes, Ref. 12; long dashes,
Ref. 7.
as an seen by realling that a logarithmi average is the
same as the logarithm of a geometri mean: as long as the
overall sign of the produt of all terms is positive (whih
we have reason to believe here), it does not matter that
some (few) are negative.
In Figure 2, we present ηL alulated via Eqs. (7)
and (8), against 1/L2. On inreasing L from 4 (not
shown) to 8, there is a dereasing trend in ηL whih ap-
pears to halt, and turn to a roughly L−independent be-
havior, when values orresponding to larger L ≤ 16 are
onsidered. Given the irumstanes, the safest ourse of
ation is (i) to assume that the approximately onstant
behavior will not hange signiantly for larger L outside
our omputational apability range, and (ii) to extrapo-
late the data at hand in as simple a manner as possible,
treating the results with a large dose of skeptiism.
From a linear least-squares t of L = 8 − 16 data
against L−2, shown in Figure 2, we get a entral ex-
trapolated estimate η0 ≈ 0.192. By onsidering the error
bars assoiated to nite-size estimates, it appears that
any value in the range 0.187 . η0 . 0.196 (the extent of
the shaded area in the Figure) would be plausible.
We also evaluated orrelation funtions diretly, and
estimated the zeroth moment of their probability distri-
bution. Following Ref. 9, we used L = 10, and strip
length N = 107 olumns; we found that the best set of
results was for orrelations alulated along the strip, for
distanes 1 ≤ x ≤ 18; when plotted on a semi-logarithmi
sale, our data show slight urvature for 1 ≤ x ≤ 3, and
set in to a very good straight line for 4 ≤ x ≤ 18, from
whih one gets η0 = 0.194(1) (shown in the Figure, as
a thik bar immediately to the left of the vertial axis)
via Eq. (7) . This is onsistent with, and more aurate
than, the extrapolation of the Lyapunov-exponent data
given above.
Comparison against data from previous work is as fol-
lows. Numerial estimates from diret evaluation of the
rst moment of the probability distribution of spin-spin
orrelation funtions give η1 = 0.182(5) (square lattie,
approximate loation of the NP at p = 0.8905(5))7;
η1 = 0.1854(19) (square lattie, approximate loation of
the NP at p = 0.8906(2))2; η1 = 0.1854(17) (square lat-
tie, CNP)
9
; η1 = 0.181(1) (triangular and honeyomb
latties)
12
. All are displayed in Figure 2, for ease of vi-
sualization. While overlap between these and the error
bars of the present result is not better than marginal,
it is lear that all estimates, for η0 and η1, exlude the
perolation value, ηp = 5/24 = 0.208333 · · · 25 (shown in
the Figure by an arrow) by a safe gap.
We sum up the situation as follows. Using Eq. (8)
as a denition of the orrelation length for random sys-
tems is well justied in theory
14,16,20
, and gives the in-
verse deay rate of the zeroth moment of the orrelation-
funtion distribution. As seen above, in the present ase
the assoiated exponent η0 appears to dier slightly from
η1 whih relates to the rst moment. This is probably
the rule rather than the exeption; indeed, it has been
shown that, for unfrustrated Ising systems, the nite-
size saling of numerial estimates of η0 derived in the
ontext of Eqs. (7) and (8) diers from that of results
obtained diretly from the spatial deay of orrelation
funtions
18,24
. Though in that ase the origin of the dis-
repany was traed to eets of the marginal disorder
operator
24
known to arise in the absene of frustration,
the analogous operator struture at the NP is not known
so far. However, it seems plausible to asribe the small
dierenes between the same two groups of results here,
to similar auses.
IV. SUSCEPTIBILITIES
The uniform zero-eld magneti suseptibility χL on a
strip is given by the seond derivative of the free energy,
relative to a uniform eld h:
χL =
[
∂2fL
∂h2
]
h=0
. (10)
As usual in the numerial alulation of derivatives, are
must be taken to avoid introdution of spurious errors.
We have onsidered an innitesimal eld δh = 10−4 (in
5units of J0), for the nite dierenes used in the dier-
entiation denoted in Eq. (10). We have also used the
same onguration of bonds (that is, the same sequene
of pseudorandom numbers) for the omparison of free en-
ergies at dierent eld values: free energies of the same
bond geometry have to be subtrated. Thus, utua-
tions in the nite dierenes used in the alulation of
derivatives are muh smaller than those for the free en-
ergies themselves
7
. For the alulations reported in this
Setion, we typially used strip lengths N = 107.
Finite-size saling arguments suggest the following be-
havior for χL at the ritial point Tc:
χL ∼ Lγ/ν , (11)
where γ and ν are, respetively, the exponents harater-
izing the singularities of bulk uniform suseptibility and
orrelation length.
Another quantity of interest is the non-linear susep-
tibility χ
(nl)
L , given in terms of the power-law expansion
of the magnetization m:
m = χh− χ(nl) h3 + · · · , (12)
where
χ(nl) ≡ ∂
3m
∂h3
=
[
∂4f
∂h4
]
h=0
. (13)
The nonlinear suseptibility at ritiality obeys a nite-
size saling relationship similar to Eq. (11), with the
replaement
26 γ → γnl. This quantity has been in-
vestigated in the ontext of ritial phenomena in both
pure
26,27
and (quantum) spin-glass magnets
28
. The nu-
merial proedures desribed above, for the alulation
of derivatives, are followed here as well.
In Figure 3 we show data for the linear suseptibility
χL, evaluated at the CNP, whih have been tted to the
single power-law form, Eq. (11). We notied that the
χ2 per degree of freedom dereases from 2.3, for a t
inluding L = 4 data (from whih the estimate γ/ν =
1.82(1) is extrated), to 0.38 for a t of L = 6− 16 data
only, thus pointing to a lear improvement in the quality
of t. The latter proedure gives γ/ν = 1.797(5), whih,
for the reasons just mentioned, we assume to be the best
result to be extrated from the present data set. This is
just onsistent, at the margin, with the perolation value
(γ/ν)p = 43/24 ≈ 1.791725.
In previous work, the following results have been
found: γ/ν = 1.80(2)7 (square lattie, approximate lo-
ation of the NP at p = 0.8905(5)), γ/ν = 1.795(20)12
(triangular lattie). Both are onsistent with the present
estimate.
Non-linear zero eld suseptibility data (χnlL ), evalu-
ated at the CNP, are exhibited in Figure 4. A tting
proedure, similar to that used to extrat the linear sus-
eptibility exponent, leads to γnl/ν = 5.59(2) when data
for L = 4 − 16 are used, and to γnl/ν = 5.55(2) when
L = 4 data are disarded. However, the χ2 per degree of
FIG. 3: (Color online) Double-logarithmi plot of zero-eld
linear suseptibility χL at the onjetured Nishimori point,
for L = 4−16. The line is a single-power law least-squares t
to L = 6 − 16 data, enabling the estimation of γ/ν with use
of Eq. (11).
freedom dereases only from 1.3 to 0.75 between the for-
mer and latter ts. Bearing in mind that we are dealing
with a small number of nite-size estimates, suh a varia-
tion does not warrant disarding L = 4 data on grounds
of a signiant improvement in the quality of t. The
value γnl/ν = 5.59(2) is onsistent with the saling re-
lation γnl/ν = 2 γ/ν + d = 5.59(1) (using γ/ν obtained
above, and d = 2 for the spae dimensionality).
V. CONCLUSIONS
We have alulated assorted ritial quantities at the
onjetured exat loation of the Nishimori point (CNP)
for square-lattie ±J Ising spin glasses, namely p =
0.889972 · · · , T/J0 = 0.956729 · · · . By working at this
xed loation, we attempt to eliminate one among many
soures of unertainty with whih one has to deal in the
study of disordered systems. Of ourse, whether or not
suh hoie in fat introdues systemati distortions an
only be found by omparison of a body of results per-
taining to the problem under srutiny.
Our extrapolation of nite-size free-energy data, in
order to produe an estimate of the eetive entral
harge, has been areful by aounting for urvature ef-
fets whih are known to be relevant in suh irum-
stanes
16,17,18
. Our nal estimate, c = 0.46(1), is on-
sistent with an earlier result
2
, c = 0.464(4), alulated
at p = 0.8906(2), and appears to exlude the perolation
6FIG. 4: (Color online) Double-logarithmi plot of zero-eld
nonlinear suseptibility χnlL at the onjetured Nishimori
point. The urve is a single-power law least-squares t to
L = 4− 16 data, enabling the estimation of γnl/ν with use of
Eq. (11).
value
16
, cp ≈ 0.4777. Had we not inluded urvature ef-
fets, we would have reahed c = 0.478(4) whih would
lead to the opposite onlusion.
We onlude that whatever dierenes may exist be-
tween free energies evaluated at the CNP, and those al-
ulated at nearby loations suh as that given in Ref. 2,
their eet upon subsequent estimates of the entral
harge is not detetable amidst the noise assoiated to
other soures of unertainty. Prominent among these is
the urrent upper limit on strip widths, L ≈ 20, imposed
by pratial onsiderations.
We have evaluated nite-size orrelation lengths via
the dierene between the two largest Lyapunov expo-
nents. With the help of onformal-invariane onepts,
these were used to produe a sequene of estimates of the
deay-of-orrelations exponent η0, related to the deay of
the zeroth moment of the orrelation-funtion probabil-
ity distribution. Though suh a sequene does not behave
as smoothly as its free-energy ounterpart, it seems safe
to state that it points to 0.187 . η . 0.196. We have
also diretly alulated orrelation funtions on a strip,
thus assessing the statistis of the above-mentioned ze-
roth moment. The orresponding result, η0 = 0.194(1)
is onsistent with, and more aurate than, that derived
from the Lyapunov exponents. Both estimates slightly
dier from η1, related to the rst moment of the same
distribution, for whih available estimates
2,7,9,12
fall in
the range 0.180 . η . 0.187. In all ases, for η0 as well
as η1, the random-perolation value
25 ηp = 0.208333 · · · ,
is denitely exluded.
From zero-eld suseptibility data we obtain γ/ν =
1.797(5), whih falls within the range of previous re-
sults
7,12
, and just about touhes the perolation value
(γ/ν)p = 43/24 ≈ 1.791725, at the lower end of the error
bar. Similarly to the ase disussed in Ref. 12, it appears
that from γ/ν alone it is hard to get onlusive evidene,
either for or against the behavior at the NP being in the
perolation universality lass.
As regards non-linear suseptibilities, our study has
been motivated by the well-known manifestations of
multisaling behavior of orrelation funtions at the
NP
2,8,9,12,22,23
. The onnetion between linear susepti-
bility χ and the rst moment of the orrelation-funtion
distribution is given through the utuation-dissipation
theorem, whih (upon invoking standard saling argu-
ments
29
) implies the saling relation γ/ν = 2 − η1. The
non-linear suseptibility χ(nl), on the other hand, an be
expressed in terms of four-point orrelations and prod-
uts of two-point ones
26
. Thus it is not obvious a priori
whether any of the multisaling properties, observed for
the assorted moments of the two-point funtion, will in-
uene χ(nl). Whatever guidane we have on the subjet
is given by the standard nite-size saling relation be-
tween the exponents assoiated to χ and χ(nl), namely
γnl/ν = 2 γ/ν+d. This is established upon onsideration
of nite-size saling properties of the free energy
26
, there-
fore bypassing any expliit onnetion to orrelation fun-
tions. Should multisaling behavior of magnetization-like
quantities our (via their onnetions to aggregated or-
relation funtions), one would expet to see something
similar to the non-onstant gap exponents observed for
orrelation funtion statistis (i.e., non-onstant magne-
tization gap exponents
29
), whih would imply breakdown
of the relationship just mentioned. As seen above, we
have found that the relationship is in fat obeyed, to
very good numerial auray. Thus, no evidene has
been deteted for multisaling behavior of magneti sus-
eptibilities.
NOTE ADDED. After initial submission of this paper,
new work ame up
30
in whih the results of Ref. 2 are
extended and reanalysed. The estimates of the loation
of the NP, and of the entral harge, remain unhanged
at p = 0.8906(2) and c = 0.464(4), respetively.
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